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ABSTRACT

This article reports the robust validation process of the Mathematics Classroom
Observation Protocol for Practices (MCOP2). The development of the instrument
took into consideration both direct and dialogic instruction encompassing classroom interactions for the development of conceptual understanding, specifically
examining teacher facilitation and student engagement. Instrument validation
involved feedback from 164 external experts for content validity, interrater and
internal reliability analyses, and structure analyses via scree plot analysis and
exploratory factor analysis. Taken collectively, these results indicate that the
MCOP2 measures the degree to which actions of teachers and students in
mathematics classrooms align with practices recommended by national organizations and initiatives using a two-factor structure of teacher facilitation and
student engagement.
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Introduction
For the past 30 years, mathematical organizations in the United States have created recommendations and guidelines of best practices based on research in mathematics teaching for kindergarten
through undergraduate coursework (American Mathematical Association of Two-Year Colleges
[AMATYC], 1995, 2006; Barker et al., 2004; Conference Board of the Mathematical Sciences
[CBMS], 2016; National Council of Teachers of Mathematics [NCTM], 1989, 1991, 2000, 2014;
National Governors Association Center for Best Practices, Council of Chief State School Officers
[NGACBP, CCSSO], 2010; National Research Council [NRC], 2003). While recommendations for
each grade level include unique characteristics, all of the recommendations revolve around these
common characteristics of mathematics teaching: conceptual understanding, procedural fluency, and
student engagement. These mathematical practices involve students engaged in problem solving,
modeling with mathematics, using a variety of means to represent mathematical concepts, communicating about mathematics; and using the structure of mathematics to better understand concepts
and their connections to other concepts, both inside and outside of mathematics.
The construct of conceptual understanding focuses on students making connections among
mathematical operations, representations, structure, reasoning, and modeling through discourse
(Hiebert & Carpenter, 1992; Hiebert & Grouws, 2007; NRC, 2003; Resnick & Ford, 1981; Skemp,
1971, 1976). A deep understanding of mathematics enables students to apply their knowledge and
abilities in a variety of contexts within both procedural and conceptual understanding (RittleJohnson, Siegler, & Alibali, 2001). Hiebert and Grouws (2007) state, “there is no reason to believe,
based on empirical findings or theoretical arguments, that a single method of teaching is the most
effective for achieving all types of learning goals” (p. 374). As such, if a specific set of lesson
objectives revolves primarily around improving procedural fluency and efficiency through practices
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such as drill worksheets, the lesson would not fit well within this construct of conceptual understanding, though beneficial at times within the larger context of mathematics instruction.
The mathematics education community has produced a breadth of empirical research over the
last five decades regarding teaching best practices, student learning, and their interconnections,
identifying dialogic instruction as a desired means of teaching and learning during the standardsbased teaching era launched in 1989 (NCTM, 2000; NGACBP, CCSSO, 2010) while allowing for the
use of properly enacted direct instruction focused on the criticalness of numerical fluency in both
later mathematics and everyday practice, the centrality of communicating with precision and careful
reasoning to the discipline of mathematics, and problem-solving skills (Ball et al., 2005; Munter,
Stein, & Smith, 2015). Historically, the RTOP (Reformed Teaching Observation Protocol) (Sawada
et al., 2002) carried the bulk of the weight as the primary tool for evaluation and research projects in
the area of mathematics and science teaching. However, as the United States moves into the era of
Common Core State Standards implementation, there exists an expectation of classroom practices to
follow the Standards for Mathematical Practices (SMPs) in the K–12 setting, with which the RTOP
does not fully align, as it does not focus on both teacher and student practices. Because little evidence
exists of large-scale practices and implementations at the classroom level across the United States,
the essential need for mathematics classroom observation protocols for practices of classroom
teachers and students has extended beyond just the research community.
Following the Standards for Educational and Psychological Testing (AERA, APA, & NCME, 2014),
this article presents sources of validity evidence that include evidence based on test content, response
processes, and internal structure of the MCOP2. First, we present the existing observation protocols
and discuss the need for an instrument focused on a comprehensive view of mathematics practices.
Then, we provide the process for developing the MCOP2 and development of the theoretical
framework of the instrument. We end with a discussion of the appropriate uses for the MCOP2
that include both practitioner and research possibilities.

Mathematics classroom observation protocols
With both the unification and diversity of mathematics teaching practices (Munter et al., 2015), a
need exists to measure the degree to which different units of study (such as a single classroom
period, a unit during a course, or the entire course) align with different practice recommendations.
Primary methods of such measurement include fine-grained analyses such as video analysis (Hill
et al., 2008; Hill, Charalambous, Blazar, et al., 2012), instructional logs (Ball & Rowan, 2004), teacher
and student interviews (Ball & Rowan, 2004, Munter, 2014), analyzing student work (Matsumura,
Garnier, Slater, & Boston, 2008), mathematical task analysis (Stein, Grover, & Henningsen, 1996),
and large-grain tools such as self-report survey questionnaires (Mullens & Kasprzyk, 1999) and live
classroom observation protocols (Matsumura, Garnier, Pascal, & Valdes, 2002, Sawada et al., 2002;
Walkowiak, Berry, Meyer, Rimm-Kaufman, & Ottmar, 2014). Each of these tools has strengths and
weaknesses but can be very useful for understanding specifics of mathematical teaching. In particular, the classroom observation protocols allow researchers basic measurement of mathematics
teaching in large numbers of classes.
Researchers and evaluators use classroom observation protocols for various purposes and with
varying degrees of specificity toward measuring teaching practices (Maxwell, 1917). While classroom
observation is a long-standing area of research, the emerging use of instrumentation protocols
specific to evaluating multidimensional aspects of mathematics and science teaching trace back to
Horizon’s 1998 Core Evaluation Classroom Observation Protocol, later becoming the Inside the
Classroom Observation and Analytic Protocol (ITC COP), alongside the Local Systemic Change
through Teacher Enhancement Protocol (LSC COP) in 2000 (Henry, Murray, & Phillips, 2007).
Developed at the same time as the Horizon instrumentation, the Reformed Teaching Observation
Protocol (RTOP) (Sawada et al., 2002) has many similarities and correlations with the ITC COP and
the LSC COP.
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Observation tools used for practice, research, and evaluation serve the purposes of their development foci and/or research questions. The RTOP, IQA, MQI, and M-SCAN specifically have many
productive uses but also some drawbacks (Boston, Bostic, Lesseig, & Sherman, 2015). We summarize
the auspices and provide a concise view of comparison of the most recent and widely used
instruments developed for use in mathematics classrooms, namely, the RTOP, IQA, MQI, and
M-SCAN, in Appendix A, and refer readers to Boston et al. (2015) for greater in-depth analyses
of each protocol.

Mathematics classroom observation protocol for practices
The Mathematics Classroom Observation Protocol for Practices (MCOP2) measures the practices within
the mathematics classroom for teaching lessons that are goal-oriented toward conceptual understanding as
described by standards documents put forth by national organizations focused on mathematics teaching
and learning such as the National Council of Teachers of Mathematics (1989, 1991, 2000, 2014), American
Mathematical Association of Two-Year Colleges (1995, 2006), Mathematical Association of America
(Barker et al., 2004), Conference Board of the Mathematical Sciences (2016), National Research Council
(2003), and National Governors Association Center for Best Practices of the Council of Chief State School
Officers (2010). Specifically, the MCOP2, grounded in the Instruction as Interaction framework (Cohen,
Raudenbush, & Ball, 2003) through initial and revision processes, examines teaching mathematics for
conceptual understanding through lenses examining teacher facilitation and student engagement. The
development of the MCOP2 involved a multistage iterative process over three years based on the standards
for scale development (AERA, APA, & NCME, 2014; Bell et al., 2012; DeVellis, 2011).

Evolved theoretical framework
Because understanding mathematical concepts and procedures encompasses multiple classroom practices
for which both teacher and student engage in productive discourse, tasks, and reasoning (Barker et al., 2004;
NCTM, 2006, 2011; Stein, Engle, Smith, & Hughes, 2008; Stein, Smith, Henningsen, & Silver, 2009), we
follow the definition of Hiebert and Grouws (2007) of teaching as “classroom interactions among teachers
and students around content directed toward facilitating students’ achievement of learning goals” (p. 377).
This definition aligns well with the instruction as interaction framework of Cohen et al. (2003) focusing on
the interactions among the teacher, the mathematical content, and the students. Thus, the instruction as
interaction framework formed the foundation for the initial item development.
Through external expert surveys as part of the validation process, we revisited the framework as
almost all items categorized into “Lesson Implementation” (Appendix E). We realized that our
instrument aligns more appropriately with the mathematics classroom as a community of learners
framework (Rogoff, Matusov, & White, 1996), with the authority and responsibility shared between
the teacher and the students. This was confirmed through internal structure analyses with items
from the two primary factors falling into categories focusing on the teacher or the student roles and
responsibilities in the classroom.
In the community of learners framework, the role of the teacher as a facilitator is one who provides
structure for the lesson, targets students’ zone of proximal development (Vygotsky, 1978), and gives
guidance in the problem-solving process (Polya, 1945, 1957) while promoting positive productive
discourse norms within the classroom (Cobb, Wood, & Yackel, 1993; Nathan & Knuth, 2003).
Likewise, the role of student engagement includes actively participating in the lesson content, persisting
through the problem-solving process, and productive discourse as an essential element for making the
connections necessary for a conceptual understanding of mathematics. Neither of these roles and
responsibilities thrives without the support of the other. Therefore, for a mathematics classroom to fit
strongly within this design framework, both teacher and students must fulfill their roles and
responsibilities.
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Teacher facilitation
Current research and reform efforts call for a teacher who can facilitate high-quality tasks, interactions, and student reasoning (Barker et al., 2004; NCTM, 1991, 2006, 2011; NGACBP, CCSSO, 2010;
NRC, 2003; Stein et al., 2008, 2009). Key elements to consider with teacher facilitation of a task
include the amount of scaffolding (Anghileri, 2006), productive struggle (Hiebert & Grouws, 2007),
the level of questioning (Reys, Lindquist, Lambdin, & Smith, 2015; Schoenfeld, 1998; Winne, 1979),
and peer-to-peer discourse (Cobb et al., 1993; Nathan & Knuth, 2003) that occur with a mathematical task, while keeping in mind the complexity that occurs between teachers’ decisions and
students’ responses (Brophy & Good, 1986).
Teachers also take the leading role in creating and maintaining discourse that encourages student
thinking and communication (Lampert, 1990; Moschkovich, 2007; Sherin, Mendez, & Louis, 2004).
Such discourse must be respectful, student-centered, and occur peer-to-peer and student-to-teacher
to assist in developing equitable spaces where all students have agency and power to participate
equally (Hiebert & Grouws, 2007; NCTM, 2000; Sherin et al., 2004; Yackel & Cobb, 1996). These
characteristics of quality mathematics teaching are difficult to achieve, even with master teachers, but
should be the goal of all teachers (Silver, Mesa, Morris, Star, & Benken, 2009).
Student engagement
Student learning cannot occur without student engagement. Bruner (1960, 1961, 1966) and Vygotsky
(1978) emphasized the students’ environment as one of social interactions to develop, learn, and
understand. The interactions between student and teacher provide this essential learning culture that
differs from compliance. Engagement encompasses both emotional and behavioral contributions
(Marks, 2000) to the learning of mathematics and involves “intensity and quality of participation in
classroom activities, as seen in such things as students’ ability to contribute materially and discursively to ongoing work and to build on one another’s contributions over the long haul” (Azevedo,
diSessa, & Sherin, 2012, p. 270).
As part of a mathematics community, students must engage in and contribute to the learning
experience (Hiebert et al., 1997) to develop certain mathematical habits (Cuoco, Goldenberg, &
Mark, 1996) that include making connections allowing students to recognize patterns and use
repeated reasoning for similar tasks and experiences that build a foundation for the conceptual
understanding of the mathematics (Ball, 1990; Ma, 1999). Students can demonstrate their thinking
using a variety of means (models, drawings, graphs, materials, manipulatives, and/or equations) and
assess their own strategies and the strategies of their peers and teacher in order to process and
understand the mathematics. Students further demonstrate engagement by questioning, commenting, and extending their understanding through this type of critical thinking and assessment.

Validation process design
Following commonly accepted processes for scale development (DeVellis, 2011), we present evidence
for the validity of the MCOP2 based on test content, internal structure, and response processes
(AERA, APA, & NCME, 2014). The test content was validated through an iterative process of expert
surveys to clarify the items and their descriptors and to verify that the items measure the desired
constructs of classroom interactions. After the items and descriptors were modified from the test
content validation process, data collected with the instrument was used to determine the internal
structure of the instrument using a Horn parallel analysis (DeVellis, 2011) and an exploratory factor
analysis. This process resulted in two primary factors for the instrument creating subscales. The
interrater reliability was then analyzed on these subscales to provide evidence based on response
processes.
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Initial item development process
Using current mathematics education literature regarding classroom teaching and learning, a group
of six individuals in the field of mathematics education created 18 items focused on the interactions
of the mathematics classroom understood to promote conceptual understanding. The process
adapted some items from other instruments and created others to incorporate the framework and
language of the Standards for Mathematical Practices. (See Appendix B for relationship of the items
with the Standards for Mathematical Practice.) The rubrics for the MCOP2 items developed through
an iterative process involving watching classroom videos as a group and determining specific criteria
for each level in the rubric, along with referencing related literature for specific interactions. This
process resulted in the development of a user guide with detailed descriptors and rubrics (Gleason,
Livers, & Zelkowski, 2015), along with an abridged user guide containing only the rubrics
(Appendix C).

Feedback process from external expert panels
Initial expert panel
The Association of Mathematics Teacher Educators (AMTE) is an organization committed to
improving mathematics teacher education. Membership includes approximately 1,000 mathematics
teacher educators and provides a purposeful sample for this study. When the characteristics and
qualifications of the population are defined, purposeful sampling is a credible practice (Shadish,
Cook, & Campbell, 2002). In early 2014, the instrument development team sent an invitation to the
AMTE membership to participate in an initial online survey asking for feedback on the initial pool
of 18 items and their perceived usefulness in measuring various aspects of the mathematics classroom. The initial survey asked the participants to rank the usefulness of the item to measure
mathematics instruction on a three-point scale (essential, not essential but useful, and not necessary)
and provide comments about the items. The initial three-point scale was chosen to determine the
usefulness of the items and allow individuals to differentiate between levels of importance.
For the initial expert panel online survey, 164 of 900 (18%) individuals fully completed the online
survey. Of these 164 professionals in mathematics education, 37% practiced in departments of
mathematics, 49% practiced in departments or colleges of education, and 14% held either joint
appointments or other types of positions. The respondents held positions as instructors (15%),
assistant professors (35%), associate professors (22%), and full professors (18%) and included a large
mix of individuals with varying amounts of experience as experts in the field. In addition, 53% of the
respondents currently supervised teachers, 29% had supervised teachers in the past, and 18% had
never supervised teachers. Of the 164 experts who completed the full survey, 65 (40%) agreed to
participate in a follow-up expert panel review by providing their email address during the initial
expert panel survey.
For each item, over 94% of the responses rated the item as either essential or not essential, but
useful. In addition, over 10% of the respondents included an unsolicited comment along the lines of
“these ideas are all critical to math lessons, but it is probably not reasonable to expect that all of them
are present in every lesson” to explain why the items were marked as not essential, but useful
(Appendix D). From these responses and the comments about the items, all but two of the original
18 items remained in the pool with minor edits in the phrasing of the item, with the largest such
change involving changing “Students engaged in flexible alternative modes of investigation/problem
solving” to “Students engaged in exploration/investigation/problem solving.” One of the items
removed was “Students explored prior to formal presentation.” This item received a number of
comments about possible biases of the item toward specific teaching methods and ambiguity about
the meaning of the terms in the item. The second item removed was “The lesson promoted
connections across the discipline of mathematics,” as it received comments regarding ambiguity as
to what constituted another area of mathematics.
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Secondary expert panel
Following the revision of the item pool from the results of the initial survey, 65 respondents from the
initial survey who had indicated a willingness to provide further feedback received a request to
complete the second survey. This survey provided detailed descriptors of the different point values
for the items, to enable the respondents to understand the intended use. It also provided the
respondents an overview of the theoretical construct of the instruction as interaction framework
and to categorize each item into the four factors of Lesson Design, Lesson Implementation, Student
Engagement with the Content, and Student Engagement with Peers. Due to the a priori nonindependence of these four, the respondents classified all items into as many of the factors as they saw
appropriate. For each item, the respondents described the extent to which scoring high on the item
represents a lesson positively with regard to each factor on a four-point scale of extremely well, well,
somewhat, and not at all. The researchers compressed these responses into two categories. The
“extremely well” and “well” responses were compressed into a positive category and the others into a
negative category. This relied on the strong relationships among all interactions within a classroom,
justifying the exclusion of the “somewhat” category in the positive response category to include only
items that fit strongly within each construct. The expert panel’s theoretical structure of the instrument was then determined based on these responses using the content validity ratio (Ayre & Scally,
2014). This second survey also requested that these experts provide feedback regarding the sufficiency of the items in measuring the desired construct through asking whether there are any key
components of the construct that are missing from the items (DeVellis, 2011).
For the follow-up expert online survey, 26 of the 65 (40%) individuals who agreed to a second
follow-up completed the follow-up survey fully. Over 85% of the respondents had experience
supervising, observing, and/or evaluating mathematics teaching and represented a good mixture of
individuals in terms of job positions (instructor/lecturer, 7%; assistant professor, 19%; associate
professor, 33%; full professor, 30%; and other, 11%), years of experience in higher education (0–
3 years, 7%; 4–6 years, 11%; 7–10 years, 11%; and 10+ years, 70%) and years of experience teaching
mathematics in K–12 classrooms (0–3, 22%; 4–6, 30%; 7–10, 22%; and 10+, 26%). This mixture of
respondents corresponds well with the desired population of experts in mathematics education in
both research and practice.
With 26 respondents, an item was categorized under a factor if at least 18 respondents (≈70%)
classified the item as fitting the factor extremely well or well, rather than the negatively oriented responses
of somewhat and not at all. Based on the value of the content validity ratio (Ayre & Scally, 2014)
necessary to reject the null hypothesis that the item does not fit the construct, we present the results of
the follow-up survey of experts in Appendix E. Because all of the 16 items received a loading on at least
one factor, all were included in the final instrument.
The fact that the expert external panel indicated all of the items loaded onto the lesson
implementation category was a little surprising, but this is not completely unexpected because the
activities and interactions occurring within the lesson rely heavily on teacher implementation of the
lesson. Some of the items designed to fit within the lesson design and implementation constructs also
loaded on the student engagement with content category from the expert panel. Similarly, some of
the items designed to fit within the student engagement constructs also had loadings by the expert
panel onto the lesson design construct. This reinforced the nonindependence of the factors and
provided guidance in the categorization of the items into student engagement and teacher facilitation
subscales, with the final decision for inclusion resting on the instrument development team.
Over half of the respondents to the survey included at least one comment in the questions that
asked for additional comments about each item and whether there are additional constructs that the
item may be measuring. None of the comments expressed a need for additional constructs.
Collectively, comments provided feedback on improving details in the rubric descriptors for the
items. Several of the item rubrics received minor revisions. In addition, several respondents gave
comments about a desire to have more items focusing on the quality of the tasks in the lesson. It was
determined that because some items address the topic of tasks and task analysis guides (Resnick,
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1976; Stein et al., 2009) already exist for such a purpose, these guides could supplement the
observation protocol in certain scenarios to address these needs for purposes with a greater focus
on mathematical tasks.
Internal structure
Data used for the analysis resulted from observations of 40 elementary, 53 secondary, and 36 tertiary
mathematics classrooms in the southeastern United States. The classrooms observed at each grade band
included teachers with experience ranging from 0 to 40 years, a mixture of gender matching national norms
for each grade band, and a mixture of direct and dialogical instruction in the lessons. Horn’s parallel analysis
(DeVellis, 2011) of a scree plot was used to determine the number of underlying factors in the protocol,
followed by an exploratory factor analysis with the number of components suggested by the scree plot
analysis to determine whether the data generated by the instrument matched the instrument’s theoretical
construct, as verified by the external expert survey. Any subscales generated by the factor analysis were then
analyzed for internal reliability.
The eigenvalues of the interitem correlation matrix suggested a two-factor extraction, because the first
two factors accounted for 55% of the total variance and a parallel analysis (see DeVellis, 2011) resulted in
two eigenvalues with magnitudes greater than those generated by simulated data (see Figure 1). Because the
data had a theoretical structure of multiple interdependent factors, we analyzed the data using a maximumlikelihood extraction of two factors with a promax rotation with Kaiser normalization (Χ2 = 189.48, df = 89,
p < 0.001). The resulting pattern matrix (see Table 1) resulted in nine items for each of the two factors, with a
factor correlation of 0.536. Because the relative magnitudes of the loadings for the items were the same, the
correlation between the total scores on the subscales using the score coefficients and using the raw scores
exceeded 0.98 for each subscale. Therefore, a total raw score for each subscale is sufficient, rather than scaled
scores based on the item coefficients from the factor score analysis.
The items in the first factor all depend heavily on the actions of the students, so the factor was
identified and labeled as student engagement (SE). The resulting subscale of nine items exhibits a
high internal consistency (Cronbach’s alpha = 0.897), thus effectively measuring differences at the
group level, or at the individual level with at least three observations (Lance, Butts, & Michels, 2006).
The second factor contained items that depended heavily on the actions of the teacher as a facilitator,
so this factor was identified and labeled as teacher facilitation (TF). This subscale also demonstrated
a reliability sufficiently high (Cronbach’s alpha = 0.850) to measure differences at the group level, or
at the individual level with at least three observations (Lance et al., 2006).
Interrater reliability
Following the internal structural analysis, all raters in this study used the final instrument to analyze five
different classroom videos to determine the interrater reliability of the instrument. The raters comprised
five individuals with varying backgrounds. Two of the raters hold doctorates in mathematics education (one
elementary-focused and the other secondary-focused), one rater holds a doctorate in mathematics with
heavy involvement in the mathematics education community (both elementary and secondary), one rater
works as a mathematics specialist with secondary teachers and has taught at both the secondary and
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Table 1. Pattern and factor matrices of the MCOP2.
Pattern matrix
Item
Students engaged in exploration/investigation/problem solving.
Students used a variety of means (models, drawings, graphs, concrete materials,
manipulatives, etc.) to represent concepts.
Students were engaged in mathematical activities.
Students critically assessed mathematical strategies.
Students persevered in problem solving.
The lesson involved fundamental concepts of the subject to promote
relational/conceptual understanding.
The lesson promoted modeling with mathematics.
The lesson provided opportunities to examine mathematical structure. (symbolic notation,
patterns, generalizations, conjectures, etc.)
The lesson included tasks that have multiple paths to a solution or multiple solutions.
The lesson promoted precision of mathematical language.
The teacher’s talk encouraged student thinking.
There was a high proportion of students talking related to mathematics.
There was a climate of respect for what others had to say.
In general, the teacher provided wait time.
Students were involved in the communication of their ideas to others (peer to peer).
The teacher used student questions/comments to enhance mathematical understanding.

Factor
1
0.783
0.612
0.873
0.359
0.737

Factor
2

0.410
0.851
0.503
0.585
0.508
0.568
0.744

0.831
0.397
0.422
0.863

0.329
0.738

Factor score
Factor Factor
1
2
0.172 0.023
0.087 0.022
0.196 −0.033
0.061 0.099
0.146 0.029
−0.018 0.255
0.021
0.041

0.095
0.147

0.013 0.090
−0.005 0.095
0.016 0.208
0.174 −0.013
0.060 0.075
0.060 0.062
0.225 −0.002
0.003 0.182

Note: Extraction method: Maximum likelihood. Rotation method: Promax with Kaiser normalization

postsecondary levels, and the fifth rater is a graduate student in mathematics with minimal background in
education other than teaching some introductory college math classes. All raters received the detailed
descriptions of the items with the rubric prior to observing classes and asked some clarification questions
prior to the observations. However, no formal training on the use of the instrument occurred, simulating
the probable future uses.
The videos represented a mix of different levels of students and instruction, with one video chosen from
each of K–2, 3–5, 6–8, 9–12, and undergraduate levels. All raters analyzed all videos independently, to create
a fully crossed, two-way model for the intraclass correlation (ICC) computation. A single-measures ICC
was used because the videos were analyzed by all raters using the instrument to measure classrooms
(Hallgren, 2012). Because the instrument was designed to measure classrooms at the subscale level, not at
the level of each particular item, the subscale scores provided the determination of the ICC, rather than the
individual item scores. The interrater reliabilities are characterized by absolute agreement to allow
comparison of the results from the protocol across studies.
Therefore, for each of the subscale totals and the overall instrument total, a two-way mixed, absoluteagreement ICC (McGraw & Wong, 1996) assessed the degree that coders provided consistency in their
ratings of the classrooms for practices across subjects. The resulting single-measure ICCs for the student
engagement subscale (0.669) and the teacher facilitation subscale (0.616) both fell within the “good” range
(Cicchetti, 1994), indicating a high degree of agreement among coders on both subscales, even with little to
no training, practice, or discussion among some of the raters. The high ICC for each of the subscales
suggests the existence of only a small amount of measurement error introduced by the independent coders
with little training and use of the MCOP2 and thus does not substantially reduce statistical power for
subsequent analyses.

Discussion
Use for research and practice
When choosing an instrument for research involving observations of mathematics teaching, the
MCOP2 stands apart in that it measures the actions of both the teacher and students. By capturing
both sets of actions, the MCOP2 differentiates between teacher implementation of a lesson and the
students’ engagement. This makes the MCOP2 a holistic assessment of the classroom environment
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not found in observation protocols such as the RTOP, MQI, IQA, and MSCAN. Another benefit of
this instrument for research, in comparison to other observation tools, is that the MCOP2 is more
manageable. Extensive training or professional development is not necessarily required, beyond
reviewing the detailed user guide with the assumption that the user understands the terminology in
the rubrics (Gleason et al., 2015). This guide provides a holistic description of the 16 indicators.
We recommend that the observer stay for the entirety of the lesson to account for teacher design
and structure of the lesson, and student interactions. We understand that the instructional decisions
necessary to teach students effectively differs on a daily basis. This includes a teacher who realizes
that a more directed instruction approach might be necessary following days of student-centered
investigations. On the other hand, if the teacher is working on procedural fluency, those lessons may
not score as high and would not be representative of the teacher’s typical instructional practice. The
MCOP2 cannot accurately evaluate a teacher on a single observation, because of the nature and
complexity of the teaching. We recommend three to six observations using the MCOP2 to capture
the mathematical practices of a teacher and the typical classroom interactions among students and
teachers (Hill, Charalambous, & Kraft, 2012).
With a focus on the Standards for Mathematical Practice, the MCOP2 is a useful tool in the context of
mathematics teacher certification programs for instruction, individual evaluation, peer evaluation, and
program evaluation (see Appendix B). Using videos of mathematics classrooms, one might have pre-service
teachers use the MCOP2 to analyze the lesson and then discuss how the lesson reflects the desired teacher
facilitation and student engagement. Supervisors of pre-service teachers might in turn use the instrument as
the basis of discussion and evaluation of teacher candidates as part of the student-teaching process. Finally,
compiled data from these individual evaluations can form the basis of one part of the evaluation of the
teacher education program to find areas of strengths and weaknesses in the classroom implementations of
the desired program outcomes.
Another possibility for using the MCOP2 is in a pre–post design as part of professional development.
This allows teachers to see their baseline, highlighting the practices that are strong within their teaching
practice and those that are not as apparent, and then through professional development the teachers can
work to strengthen those practices. Our research team envisions teachers within schools and/or districts
using the MCOP2 as a means of peer observations to learn about themselves and their colleagues, as well as
their students, to improve site-wide practice to improve the teaching and learning of mathematics.
Limitations
All instruments have limitations; we identify two primary limitations for the present instrument. As
discussed above, lessons focused primarily on improving procedural fluency will not score very high
on many indicators on the MCOP2. For instance, if a classroom has spent several lessons focusing on
a mixture of conceptual understanding and procedural fluency around a topic such as multiplication,
but on the day of the observation the main focus in improving the procedural fluency of the students
through reviewing multiplication flash cards, the single observation would not give a proper measure
of the overall classroom environment.
A limitation regarding the design and process in the development of this instrument was the
sample population for the observation of teachers. In what could be perceived as a sample of
convenience, the MCOP2 was analyzed only in classrooms within one geographical region of the
United States. Knowing the limitation of one region, the researchers were cognizant of this limitation
and compensated by including a large sample from a variety of school types (e.g., city, rural,
suburban, Title I) and teachers (elementary, secondary, and tertiary; years of experience). A larger,
more diverse national sample is ideal, and is a goal of subsequent investigation.

Summary
The practices of the mathematics classroom encompass the interconnectedness of both the teacher
and the students’ actions. There are common expectations for mathematical practices in grades K–

10

J. GLEASON ET AL.

16, so there is a need for a sound protocol to highlight the practices present in teaching for
mathematical understanding, as well as the practices for students to learn mathematics conceptually.
The MCOP2 represents a useful and reliable means for assessing mathematics classrooms.
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Appendix A
Affordances, constraints, and ideal uses for RTOP, IQA, MQI, M-SCAN, and MCOP 2.
RTOP
IQA
Affordances General indictors Specific to cognitiveof reformchallenging tasks
oriented teaching

Constraints

MCOP2
Multiple dimensions of
measure (teachers and
students) for holistic
view of classroom
Focused on Standards
for Mathematical
Practice
Well-defined rubrics

Use in science
and math

Explicit connections to PD

Analysis of video

Low/medium/
high scores

Teacher-level
data validation

Flexibility for live or
recorded or evaluating
student work only

School/district
level

Rich descriptive
data for teachers
Can show change
over time
Many indicators
difficult to use at
scale
Not truly
mathematical
Summing of
subscales &
overall score loses
interpretive value
Very difficult to
get exact-point
reliability
between raters
No descriptors for
score levels

School/district level

Well-defined scores

Well-defined
scores
Extensive
validation
Online training

Random
selection of
teachers in
sample for
development
Quantifiable
measures
Reliability
estimates
K–6 grades

Interrelater reliability

Multiple factors

Validation studies

Rich descriptive
data

Sample only in
grades 5–6
Validity issues
outside 5–6

Rich descriptive data for
teachers

Explicit about
increasing scores

Small limited
sample

Limited sample

Small limited
sample

Lacks task analysis

Norming across
studies
Five days of
training on-site
Live/recorded

Requires observation of
an entire lesson
Live/recorded
Math K–16
Classroom, school,
district, project, or
teacher certification
programs

Norming across
studies difficult
Live/recorded
Multiple content

Reform practice
Pre-service
programs

Uses

MQI
M-SCAN
Not biased toward Multiple
instructional type dimensions of
measure

Descriptive stats on rubrics

Explicit about increasing
scores

Used over time,
across sites or
comparison
Used over time, across sites, K–8 limited
or comparison
Limited focus on tasks
Not for live
observations
Biased toward ambitious
Raters need
math instruction
adequate
Accessibility of training
issues
Not appropriate for
comparisons or evaluation
with no expectation of
ambitious math instruction
Live/recorded/student work

Math only in K–12

Reliability for K–16
Large expert validation
Validated on pre-service
and in-service teacher
populations
Focuses on broad
picture
Not explicit for PD

knowledge
Broader focus

Math 5–6

Many indicators
Classroom or
makes connections school or district
not so explicit to
PD
Recorded
Math K–8
Evaluating student
opportunity to
learn with
different
instruction

Adapted from Boston et al. (2015) and based on RTOP-Reformed Teaching Observation Protocol (Sawada et al., 2002); IQA—
Instructional Quality Assessment (Clare & Aschbacher, 2001; Junker et al., 2006; Matsumura et al., 2002; Boston & Wolf, 2006,
2008); MQI-Mathematics Quality of Instruction (Hill, Charalambous, Blazar, et al., 2012; Hill, Kapitula, & Umland, 2011; Hill,
Umland, Litke, & Kapitula, 2012; Hill et al., 2012); M-SCAN-Mathematics Scan (Borko, Stecher, & Alonzo, 2005; Walkowiak et al.,
2014).
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Appendix B
Relationship between the MCOP2 and the standards for mathematical practice.
Standards for Mathematical Practice

MCOP2
item
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

Make sense of
Reason
problems and
abstractly
persevere in
and
solving them quantitatively
X
X
X
X
X
X

Construct viable
arguments and
critique the
reasoning of
others

Use
Look for
appropriate Attend and make
Model with
tools
to
use of
mathematics strategically precision structure
X
X

X
X

X

Look for and
express
regularity in
repeated
reasoning
X
X

X
X

X

X

X

X

X
X

X

X
X
X
X
X
X

Appendix C
1. Students engaged in exploration/investigation/problem solving.
SE1
Description
3

Students regularly engaged in exploration, investigation, or problem solving. Over the course of the lesson, the majority
of the students engaged in exploration/investigation/problem solving.
2
Students sometimes engaged in exploration, investigation, or problem solving. Several students engaged in problem
solving, but not the majority of the class.
1
Students seldom engaged in exploration, investigation, or problem solving. This tended to be limited to one or a few
students engaged in problem solving, while other students watched but did not actively participate.
0
Students did not engage in exploration, investigation, or problem solving. There were either no instances of investigation or
problem solving, or the instances were carried out by the teacher without active participation by any students.
2. Students used a variety of means (models, drawings, graphs, concrete materials, manipulatives, etc.) to represent
concepts.
SE
Description
3
The students manipulated or generated two or more representations to represent the same concept, and the connections
across the various representations, relationships of the representations to the underlying concept, and applicability or the
efficiency of the representations were explicitly discussed by the teacher or students, as appropriate.
2
The students manipulated or generated two or more representations to represent the same concept, but the
connections across the various representations, relationships of the representations to the underlying concept, and
applicability or the efficiency of the representations were not explicitly discussed by the teacher or students.
1
The students manipulated or generated one representation of a concept.
0
There were either no representations included in the lesson, or representations were included but were exclusively
manipulated and used by the teacher. If the students only watched the teacher manipulate the representation and did
not interact with a representation themselves, it should be scored a 0.
3. Students were engaged in mathematical activities.
SE
Description
3

2

Most of the students spend two-thirds or more of the lesson engaged in mathematical activity at the appropriate level
for the class. It does not matter if it is one prolonged activity or several shorter activities. (Note that listening and taking
notes does not qualify as a mathematical activity unless the students are filling in the notes and interacting with the
lesson mathematically.)
Most of the students spend more than one-quarter but less than two-thirds of the lesson engaged in appropriate-level
mathematical activity. It does not matter if it is one prolonged activity or several shorter activities.
(Continued )
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(Continued).
1

Most of the students spend less than one-quarter of the lesson engaged in appropriate-level mathematical activity.
There is at least one instance of students’ mathematical engagement.
0
Most of the students are not engaged in appropriate-level mathematical activity. This could be because they are never
asked to engage in any activity and spend the lesson listening to the teacher and/or copying notes, or it could be
because the activity they are engaged in is not mathematical—such as a coloring activity.
4. Students critically assessed mathematical strategies.
Description
SE TF2
3 3
2
1
0

5.

More than half of the students critically assessed mathematical strategies. This could have happened in a variety of
scenarios, including in the context of partner work, small-group work, or a student making a comment during direct
instruction or individually to the teacher.
2
At least two but less than half of the students critically assessed mathematical strategies. This could have happened in a
variety of scenarios, including in the context of partner work, small-group work, or a student making a comment during
direct instruction or individually to the teacher.
1
An individual student critically assessed mathematical strategies. This could have happened in a variety of scenarios,
including in the context of partner work, small group work, or a student making a comment during direct instruction or
individually to the teacher. The critical assessment was limited to one student.
0
Students did not critically assess mathematical strategies. This could happen for one of three reasons: (1) No strategies
were used during the lesson. (2) Strategies were used but were not discussed critically. For example, the strategy may
have been discussed in terms of how it was used on the specific problem, but its use was not discussed more generally.
(3) Strategies were discussed critically by the teacher, but this amounted to the teacher telling the students about the
strategy(ies), and students did not actively participate.
Students persevered in problem solving.

SE
3

Description
Students exhibited a strong amount of perseverance in problem solving. The majority of students looked for entry
points and solution paths, monitored and evaluated progress, and changed course if necessary. When confronted with
an obstacle (such as how to begin or what to do next), the majority of students continued to use resources (physical
tools as well as mental reasoning) to continue to work on the problem.
2
Students exhibited some perseverance in problem solving. Half of students looked for entry points and solution paths,
monitored and evaluated progress, and changed course if necessary. When confronted with an obstacle (such as how to
begin or what to do next), half of students continued to use resources (physical tools as well as mental reasoning) to
continue to work on the problem.
1
Students exhibited minimal perseverance in problem solving. At least one student but less than half of students looked
for entry points and solution paths, monitored and evaluated progress, and changed course if necessary. When
confronted with an obstacle (such as how to begin or what to do next), at least one student but less than half of
students continued to use resources (physical tools as well as mental reasoning) to continue to work on the problem.
There must be a road block to score above a 0.
0
Students did not persevere in problem solving. This could be because there was no student problem solving in the
lesson, or because when presented with a problem-solving situation. no students persevered. That is, all students either
could not figure out how to get started on a problem, or when they confronted an obstacle in their strategy, they
stopped working.
6. The lesson involved fundamental concepts of the subject to promote relational/conceptual understanding.
TF
Description
3

The lesson includes fundamental concepts or critical areas of the course, as described by the appropriate standards, and
the teacher/lesson uses these concepts to build relational/conceptual understanding of the students with a focus on
the “why” behind any procedures included.
2
The lesson includes fundamental concepts or critical areas of the course, as described by the appropriate standards, but
the teacher/lesson misses several opportunities to use these concepts to build relational/conceptual understanding of
the students with a focus on the “why” behind any procedures included.
1
The lesson mentions some fundamental concepts of mathematics, but does not use these concepts to develop the
relational/conceptual understanding of the students. For example, in a lesson on the slope of the line, the teacher
mentions that it is related to ratios, but does not help the students to understand how it is related and how that can
help them to better understand the concept of slope.
0
The lesson consists of several mathematical problems with no guidance to make connections with any of the
fundamental mathematical concepts. This usually occurs with a teacher focusing on procedure of solving certain types
of problems without the students understanding the “why” behind the procedures.
7. The lesson promoted modeling with mathematics.
TF
Description
3
Modeling (using a mathematical model to describe a real-world situation) is an integral component of the lesson, with
students engaged in the modeling cycle (as described in the Common Core State Standards).
2
Modeling is a major component, but the modeling has been turned into a procedure (i.e., a group of word problems
that all follow the same form, and the teacher has guided the students to find the key pieces of information and how to
plug them into a procedure); or modeling is not a major component, but the students engage in a modeling activity
that fits within the corresponding standard of mathematical practice.
(Continued )
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(Continued).
1

The teacher describes some type of mathematical model to describe real-world situations, but the students do not
engage in activities related to using mathematical models.
0
The lesson does not include any modeling with mathematics.
8. The lesson provided opportunities to examine mathematical structure. (symbolic notation, patterns,
generalizations, conjectures, etc.)
TF
3
2
1
0
9.

Description
The students have a sufficient amount of time and opportunity to look for and make use of mathematical structure or
patterns.
Students are given some time to examine mathematical structure, but are not allowed adequate time or are given too
much scaffolding so that they cannot fully understand the generalization.
Students are shown generalizations involving mathematical structure, but have little opportunity to discover these
generalizations themselves or adequate time to understand the generalization.
Students are given no opportunities to explore or understand the mathematical structure of a situation.
The lesson included tasks that have multiple paths to a solution or multiple solutions.

TF
3

Description
A lesson which includes several tasks throughout, or a single task that takes up a large portion of the lesson, with
multiple solutions and/or multiple paths to a solution and which increases the cognitive level of the task for different
students.
2
Multiple solutions and/or multiple paths to a solution are a significant part of the lesson, but are not the primary focus,
or are not explicitly encouraged; or more than one task has multiple solutions and/or multiple paths to a solution that
are explicitly encouraged.
1
Multiple solutions and/or multiple paths minimally occur, and are not explicitly encouraged; or a single task has
multiple solutions and/or multiple paths to a solution that are explicitly encouraged.
0
A lesson that focuses on a single procedure to solve certain types of problems and/or strongly discourages students
from trying different techniques.
10. The lesson promoted precision of mathematical language.
TF
Description
3
The teacher “attends to precision” with regard to communication during the lesson. The students also “attend to
precision” in communication, or the teacher guides students to modify or adapt nonprecise communication to improve
precision.
2
The teacher “attends to precision” in all communication during the lesson, but the students are not always required also
to do so.
1
The teacher makes a few incorrect statements or is sloppy about mathematical language, but generally uses correct
mathematical terms.
0
The teacher makes repeated incorrect statements or incorrect names for mathematical objects instead of their accepted
mathematical names.
11. The teacher’s talk encouraged student thinking.
TF
3

Description
The teacher’s talk focused on high levels of mathematical thinking. The teacher may ask lower-level questions within
the lesson, but this is not the focus of the practice. There are three possibilities for high levels of thinking: analysis,
synthesis, and evaluation. Analysis: examines/interprets the pattern, order or relationship of the mathematics; parts of
the form of thinking. Synthesis: requires original, creative thinking. Evaluation: makes a judgment of good or bad,
right or wrong, according to the standards he or she values.
2
The teacher’s talk focused on mid-levels of mathematical thinking. Interpretation: discovers relationships among
facts, generalizations, definitions, values and skills. Application: requires identification and selection and use of
appropriate generalizations and skills
1
Teacher talk consists of “lower-order” knowledge-based questions and responses focusing on recall of facts. Memory:
recalls or memorizes information. Translation: changes information into a different symbolic form or situation.
0
Any questions/responses of the teacher related to mathematical ideas were rhetorical, in that there was no expectation
of a response from the students.
12. There was a high proportion of students talking related to mathematics.
SE
3
2
1
0

Description
More than three-quarters of the students were talking related to the mathematics of the lesson at some point during
the lesson.
More than half but less than three-quarters of the students were talking related to the mathematics of the lesson at
some point during the lesson.
Less than half of the students were talking related to the mathematics of the lesson.
No students talked related to the mathematics of the lesson.
(Continued )
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13. There was a climate of respect for what others had to say.
SE TF
Description
3 3

Many students are sharing, questioning, and commenting during the lesson, including their struggles. Students are also
listening (active), clarifying, and recognizing the ideas of others.
2 2
The environment is such that some students are sharing, questioning, and commenting during the lesson, including
their struggles. Most students listen.
1 1
Only a few share as called on by the teacher. The climate supports those who understand or who behave appropriately.
Or some students are sharing, questioning, or commenting during the lesson, but most students are actively listening
to the communication.
0 0
No students shared ideas.
14. In general, the teacher provided wait time.
SE
Description
3
The teacher frequently provided ample amount of “think time” for depth and complexity of a task or question posed
by the teacher or a student.
2
The teacher sometimes provided ample amount of “think time” for depth and complexity of a task or question posed
by the teacher or a student.
1
The teacher rarely provided ample amount of “think time” for depth and complexity of a task or question posed by the
teacher or a student.
0
The teacher never provided ample amount of “think time” for depth and complexity of a task or question posed by the
teacher or a student.
15. Students were involved in the communication of their ideas to others (peer to peer).
SE
Description
3
Considerable time (more than half) was spent in peer-to-peer dialog (pairs, groups, whole class) related to the
communication of ideas, strategies, and solution.
2
Some class time (less than half, but more than just a few minutes) was devoted to peer-to-peer (pairs, groups,
whole class) conversations related to the mathematics.
1
The lesson was primarily teacher-directed, and few opportunities were available for peer-to-peer (pairs, groups, whole
class) conversations. A few instances developed where this occurred during the lesson but only lasted less than
5 minutes.
0
No peer-to-peer (pairs, groups, whole class) conversations occurred during the lesson.
16. The teacher uses student questions/comments to enhance conceptual mathematical understanding.
SE TF
Description
3 3
The teacher frequently uses student questions/comments to coach students, facilitate conceptual understanding, and
boost the conversation. The teacher sequences the student responses that will be displayed in an intentional order,
and/or connects different students’ responses to key mathematical ideas.
2 2
The teacher sometimes uses student questions/comments to enhance conceptual understanding.
1 1
The teacher rarely uses student questions/comments to enhance conceptual mathematical understanding. The focus is
more on procedural knowledge of the task versus conceptual knowledge of the content.
0 0
The teacher never uses student questions/comments to enhance conceptual mathematical understanding.
1

Student Engagement
Teacher Facilitation

2
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Appendix D
Theoretical structure of the MCOP2 based on initial expert survey.
Item
Students explored prior to formal presentation.
Students engaged in flexible alternative modes of investigation/problem solving.
Students used a variety of means (models, drawings, graphs, concrete materials,
manipulatives, etc.) to represent concepts.
Students were engaged in mathematical activities.
Students critically assessed mathematical strategies.
Students persevered in problem solving.
The lesson involved fundamental concepts of the subject to promote relational/conceptual
understanding.
The lesson promoted connections across the discipline of mathematics.
The lesson promoted modeling with mathematics.
The lesson provided opportunities to examine elements of abstraction. (symbolic notation,
patterns, generalizations, conjectures, etc.)
The lesson included tasks that have multiple paths to a solution or multiple solutions.
The lesson promoted precision of mathematical language.
The teacher’s talk encouraged student thinking.
There was a high proportion of students talking related to mathematics.
There was a climate of respect for what others had to say.
In general, the teacher provided wait time.
Students were involved in the communication of their ideas to others. (peer to peer)
The teacher uses student questions/comments to enhance mathematical understanding.

Not essential,
Essential
but useful
45.2%
48.2%
50.0%
45.2%
66.3%
30.1%

Not
useful
6.6%
4.8%
3.6%

79.5%
53.6%
80.7%
86.1%

17.5%
42.8%
16.9%
11.4%

3.0%
3.6%
2.4%
2.4%

36.7%
39.8%
48.2%

57.8%
57.2%
49.4%

5.4%
3.0%
2.4%

63.3%
56.0%
89.8%
77.1%
88.6%
70.5%
80.1%
82.5%

34.9%
42.2%
9.6%
20.5%
10.8%
29.5%
19.3%
15.7%

1.8%
1.8%
0.6%
2.4%
0.6%
0.0%
0.6%
1.8%

Appendix E
Theoretical structure of the MCOP2 based on second expert survey.
Lesson
Item
Students engaged in exploration/investigation/problem
solving.

Extremely
Well
Well
Somewhat
Not at all
Students used a variety of means to represent concepts.
Extremely
Well
Well
Somewhat
Not at all
Students were engaged in mathematical activities.
Extremely
Well
Well
Somewhat
Not at all
Students critically assessed mathematical strategies.
Extremely
Well
Well
Somewhat
Not at all
Students persevered in problem solving.
Extremely
Well
Well
Somewhat
Not at all
The lesson involved fundamental concepts of the subject to Extremely
promote relational/conceptual understanding.
Well
Well
Somewhat
Not at all

Student engagement with

Design Implementation
Peers
34.6%
65.4%
34.6%

Content
50.0%

42.3%
23.1%
0%
34.6%

26.9%
7.7%
0%
50.0%

11.5%
30.8%
23.1%
23.1%

26.9%
19.2%
3.8%
76.9%

26.9%
34.6%
3.8%
30.8%

38.5%
11.5%
0%
53.8%

23.1%
30.1%
23.1%
26.9%

3.8%
11.5%
7.7%
53.8%

46.2%
23.1%
0%
30.8%

34.6%
11.5%
0%
57.7%

15.4%
19.2%
38.5%
38.5%

34.6%
11.5%
0%
57.7%

26.9%
42.3%
0%
30.8%

26.9%
15.4%
0%
38.5%

30.8%
26.9%
3.8%
23.1%

38.5%
3.8%
0%
65.4%

30.8%
34.6%
3.8%
76.9%

38.5%
15.4%
7.7%
50.0%

23.1%
34.6%
19.2%
0.0%

26.9%
7.7%
0%
23.1%

19.2%
0%
3.8%

23.1%
23.1%
3.8%

11.5%
42.3%
46.2%

34.6%
34.6%
7.7%
(Continued )
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(Continued).
The lesson promoted modeling with mathematics.

The lesson provided opportunities to examine mathematical
structure.

The lesson included tasks that have multiple paths to a
solution or multiple solutions.

The lesson promoted precision of mathematical language.

The teacher’s talk encouraged student thinking.

There was a high proportion of students talking related to
mathematics.

There was a climate of respect for what others had to say.

In general, the teacher provided wait time.

Students were involved in the communication of their ideas
to others.

The teacher used student questions/comments to enhance
mathematical understanding.

Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all
Extremely
Well
Well
Somewhat
Not at all

53.8%

61.5%

3.8%

23.1%

30.8%
15.4%
0%
73.1%

23.1%
15.4%
0%
61.5%

19.2%
34.6%
42.3%
15.4%

38.5%
34.6%
.38%
57.7%

23.1%
3.8%
0%
80.8%

30.8%
7.7%
0%
50.0%

11.5%
23.1%
50.0%
11.5%

34.6%
7.7%
0%
23.1%

19.2%
0%
0%
19.2%

23.1%
23.1%
3.8%
57.7%

11.5%
26.9%
50.0%
15.4%

50.0%
19.2%
7.7%
11.5%

30.8%
38.5%
11.5%
38.5%

42.3%
0%
0%
76.9%

15.4%
15.4%
53.8%
11.5%

38.5%
42.3%
7.7%
19.2%

34.6%
26.9%
0%
23.1%

15.4%
7.7%
0%
57.7%

11.5%
15.4%
61.5%
38.5%

46.2%
23.1%
11.5%
57.7%

34.6%
34.6%
7.7%
19.2%

34.6%
3.8%
3.8%
53.8%

23.1%
34.6%
3.8%
73.1%

15.4%
26.9%
0%
30.8%

34.6%
38.5%
7.7%
15.4%

42.3%
3.8%
0%
73.1%

26.9%
0%
0%
7.7%

42.3%
19.2%
7.7%
11.5%

34.6%
26.9%
23.1%
26.9%

23.1%
3.8%
0%
53.8%

15.4%
26.9%
50.0%
88.5%

26.9%
50.0%
11.5%
50.0%

50.0%
23.1%
0%
34.6%

42.3%
3.8%
0%
84.6%

11.5%
0%
0%
15.4%

30.8%
19.2%
0%
50.0%

42.3%
19.2%
3.8%

15.4%
0%
0%

34.6%
26.9%
23.1%

34.6%
15.4%
0%
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